We study the scattering problem for the non-Hermitian scattering center, which consists of two Hermitian clusters with anti-Hermitian couplings between them. Counterintuitively, it is shown that it acts as a Hermitian scattering center, satisfying |r| 2 + |t| 2 = 1, i.e., the Dirac probability current is conserved, when one of two clusters is embedded in the waveguides. This conclusion can be applied to an arbitrary parity-symmetric real Hermitian graph with additional PT -symmetric potentials, which is more feasible in experiment. Exactly solvable model is presented to illustrate the theory. Bethe ansatz solution indicates that the transmission spectrum of such a cluster displays peculiar feature arising from the non-Hermiticity of the scattering center.
I. INTRODUCTION
A non-Hermitian Hamiltonian is usually endowed with the physical meaning when it possesses entirely real quantum mechanical energy spectrum and the complex extension of the conventional quantum mechanics, a paritytime (PT ) symmetric quantum theory, has been well developed [1] [2] [3] [4] [5] [6] [7] [8] since the seminal discovery by Bender [1] . Such a theory gives the pseudo-Hermitian Hamiltonian a physical meaning via its corresponding Hermitian counterparts [9] [10] [11] , which has an identical spectrum. The metric-operator theory outlined in Ref. [6] provides a mapping of such a pseudo-Hermitian Hamiltonian to an equivalent Hermitian Hamiltonian. Thus, most of the studies focused on the quasi-Hermitian system, or unbroken PT -symmetric region [12, 13] . However, the obtained equivalent Hermitian Hamiltonian is usually quite complicated [6, 14] , involving long-range or nonlocal interactions, which is hardly realized in practice.
Experimentally, the PT symmetry is of great relevance to the technological applications based on the fact that the imaginary potential could be realized by complex index in optics [15] [16] [17] [18] . Furthermore, the PT optical potentials can be realized through a judicious inclusion of index guiding and gain/loss regions. Such non-Hermitian systems are not isolated but usually embedded in the large Hermitian waveguides. Pure imaginary potential as a scattering center breaks the conservation of the flow of probability [19] . Thus, it is interesting to investigate what happens when the non-Hermitian system is with balanced gain and loss as a scattering center, and much effort devoted to such a topic is based on the framework of η-metric [20] [21] [22] [23] .
In this paper, we study the scattering problem for the non-Hermitian scattering center based on the configurations involving two arbitrary Hermitian networks coupled with anti-Hermitian interaction. It is shown that for any scattering state of such a non-Hermitian system, the Dirac probability current is always conserved at any * songtc@nankai.edu.cn degree of the non-Hermiticity. We apply such a rigorous result to the system with PT -symmetric potentials, which is more feasible in experiment.
This paper is organized as follows. Section II presents the exact analytical solution of the scattering problem for the concerned non-Hermitian scattering center. Section III is the application of the rigorous result to the system with PT -symmetric potentials. Section IV consists of an exactly solvable example to illustrate our main idea. Section V is the summary and discussion.
II. MODEL AND FORMALISM
In general, a non-Hermitian Hamiltonian H is related by a similarity transformation to an equivalent Hermitian Hamiltonian h. Such a connection is valid within the so called unbroken symmetric region. However, when a non-Hermitian system interacts with other Hermitian system, such a region loses its physical meaning: On the one hand, the unbroken symmetric region is shifted in the whole non-Hermitian system. On the other hand, it may act as a Hermitian system in the scattering problem without the restriction on the degree of the non-Hermiticity. In this section, we will investigate the latter situation.
The Hamiltonian of the concerned scattering tightbinding network has the form
where
represent the left (H L ) and right (H R ) waveguides with real κ and It is shown that the non-Hermitian scattering center acts as a Hermitian one, preserving the Dirac probability current.
describes a non-Hermitian network as a scattering center. Here |L and |R denote the sites state on the joint sites on the network A, which are simply taken as |L = |1 A and |R = |N A A without losing the generality. The subgraphs
are arbitrary Hermitian networks, i.e., H † A = H A , and H † B = H B , while the coupling between them is antiHermitian, i.e., H † AB = −H BA .
then the scattering center with respect to the basis {|i A , |i B } is in the form of
The non-Hermiticity of H C arises from this antiHermitian term. The non-Hermitian Hamiltonian H C may have fully real spectrum or not. In the following, we will show that it always acts as a Hermitian scattering center no matter the reality of the spectrum.
For an incident plane wave with momentum k incoming from the left waveguide L with energy E = −2κ cos k, the scattering wave function |ψ k can be obtained by the Bethe ansatz method. The wave function has the form
where the scattering wavefunction f j is in form of
Here r, t are the reflection and transmission coefficients of the incident wave, which is what we concern only in this paper. Substituting the wavefunction |ψ k into the Schrödinger equation
the explicit form of the Schrödinger equations in the truncated Hilbert space spanned by the basis
where ∆ is an (
From the reduced Schrödinger equation of Eq. (12), we obtain
Here ∆ −1 is the inverse of matrix ∆, with the element being expressed as
in term of the matrix of cofactors C ij . Here M ij is the matrix obtained by deleting the ith row and jth column from the matrix ∆. On the other hand, the Schrödinger equations for the sites of the waveguides connecting to the joints of the scattering center are
Then associating with Eqs. (14), we have
One can determine the unknown coefficients a, b, b, c and η through the matrix ∆ by requiring that invertible matrix (H A − E) or (H B − E) exists.
In the Appendix, we will show that
for i, j ∈ [1, N A ], or more explicitly for special cases
which indicate that both a and c are real, and b = b * . It is somewhat surprising that we get the conclusion from Eqs. (18), (19) , (20) and (22) that
which is common phenomenon in a Hermitian system but surprising in a non-Hermitian system.
III. PT -SYMMETRIC POTENTIALS
The accessible setup of non-Hermitian system in the lab is the PT -symmetric potentials, which can be realized through a judicious inclusion of index guiding and gain/loss regions. In the following, we will apply the obtained result to the system with the PT -symmetric potentials, in which the PT -symmetrical axis is along the waveguides.
The geometry of the scattering center contains N 1 + 2N 2 sites and possesses the following symmetry,
with the joint points L, R ∈ [1, N 1 ], where |j c is the mirror symmetric counterpart of state |j c . We define the Hamiltonian of the center has the form
where κ ij and U j are real. In the Hilbert space spanned by basis {|j c } (j ∈ [1, N 1 + 2N 2 ]), the matrix of the Hamiltonian H PT has the form
and 
one can rewrite the matrix of Eq. (26) in the basis
Obviously, it is the special case of Eq. (8), where . The dashed (green) line represents the effective hopping between sites |A and |B which is pure imaginary i (γ1 + γ2) /2, with both potentials on |A and |B being i (γ1 − γ2) /2. In the case of γ1 = γ2, it is shown that the non-Hermitian scattering center acts as a Hermitian one, preserving the Dirac probability current.
or equivalently in the explicit form as
Therefore, the cluster H PT acts as a Hermitian scattering center. This result is independent of the magnitudes of the hopping integrals and the potentials, also the reality of the spectrum of H PT .
IV. ILLUSTRATION
We consider a simple 4-site non-Hermitian scattering center which is illustrated schematically in Fig. 2(a) . The Hamiltonian of the whole system of Eq. (1) can be written as
where the joints of the scattering center are L = 1, R = 3 and
Note that here we consider a non-PT -symmetric model without losing the generality. The Bethe ansatz wavefunction has the form
where f j is in form of Eq. (10). Taking κ = 1, the explicit form of Schrödinger equations are
the continuity of the wavefunctions demands
The corresponding transmission and reflection coefficients have the form
Straightforward algebra shows that
which indicates the current is conserved when ζ is real, i.e., γ 1 = γ 2 .
Alternatively, taking the linear transformation
the Hamiltonian H C can be rewritten as
as illustrated schematically in Fig. 2(b) . It depicts a scattering configuration with single side coupling site which has been systematically studied in the Hermitian regime [24] . Obviously, when γ 1 = γ 2 = γ, it is a simple example of a real Hermitian graph with parity-symmetry combining with the on-site PT -symmetric potentials and admits the current preserving. Accordingly, the transmission probability (coefficient) has the form
which has peculiar feature in contrast to that of Hermitian scattering center. As a comparison, we write the transmission probability for the real side coupling by substituting γ with iγ, i.e.,
It can be observed that, (i) both of them have the common total reflection points, T (π/2) = T ′ (π/2) = 0; (ii) T (k) = 1 at the resonance condition γ = 2 |cos k|, while T ′ (k) is always less than 1 within the whole range of γ.
V. SUMMARY AND DISCUSSION
We have proposed an anti-Hermitian coupled two Hermitian graphs as the scattering center, which has been shown to act as a Hermitian graph, preserving the traditional probability. This conclusion can be applied to the non-Hermitian scattering center which consists of pairs of PT -symmetric on-site potentials. This fact indicates the balanced gain and loss can result in the Hermiticity of the scattering center. Our results can give a good prediction for the transmission and reflection coefficients of linear waves scattered at the PT -symmetric defects in the experiment. The recent observation of breaking of PT symmetry in coupled optical waveguides [25] [26] [27] may pave the way to demonstrate the result presented in this paper.
Finally, we would like to point that our conclusion can also apply to other type of non-Hermitian scattering center. For instance, we can select H γ , H α , H γα and H αβ being all Hermitian instead of real Hermitian in Eq. (26), and we note that H PT is no longer PT -symmetric if the hoppings are not all real, with H γ , H α , H γα and H αβ being Hermitian, we could also select H PT as Here, A ′ is the matrix by eliminating the ith row and jth column from A, while C ′ (D ′ ) is the matrix by eliminating the ith row (jth column) from C (D). By similar procedure in obtaining Eqs. (53) and (54), we have
and then
Together with Eq. (15), we have ∆ −1 ij = ∆ −1 * ji , and yield Eq. (22) .
